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Abstract— Previously, we proposeda tr ellis coded mod-
ulation systemusing CPFSK and ring convolutional codes
for transmitting the bits generatedby an embeddedzerotree
wavelet encoder. Impr oved performance is achieved by us-
ing maximum a posteriori (MAP) decoding of the zerotree
symbols.In this paper, the optimal ring convolutional tr ellis
codesaredeterminedfor MAP decoding. The CPFSK trans-
mitter is decomposedinto a memorylessmodulator and a
continuous phaseencoderover the ring of integers modulo
4; the latter is combined with a polynomial convolutional
encoderover the samering. In the codedesignprocess,a
search is made of the combined tr ellis, where the branch
metrics aremodified to include the sourcetransition matrix.
Simulation resultsof imagetransmissionareprovided using
the optimized system.

I . INTRODUCTION

Binary convolutional codeshave traditionally beende-
signedby consideringtheasymptoticperformance,where
maximum likelihood (ML) and MAP criteria yield the
sameresults [1]. Typically, a searchis madeover all
noncatastrophicconvolutional codesof a given constraint
lengthin orderto find theonewith theminimumsquared
Euclideandistance,������	�
� . The resultingcodeyields the
best performanceat high signal-to-noiseratios (SNRs).
For bandwidthconstrainedchannels,one can achieve a
goodcodinggainby incorporatingtheconvolutionalcode
into a trellis-codedmodulation(TCM) [2] system,usu-
ally usinga mapperto convert bits to m-arysymbols.Ri-
moldi [3] showed how to decomposea continuousphase
modulationsysteminto acontinuousphaseencoder(CPE)
andamemorylessmodulator, therebyallowing simplifica-
tion of thecodedesignprocess.

A. Joint Source-Channel Coding

For many personalcommunicationsystems,low power
in battery-operateddevices and a fading environment
causedby usermobility makesthehigh SNRassumption
of dubiousvalidity. Thesesystemsalsohave limited com-
putationalpower, precludinglong constraintlengthcodes
and sophisticatediterative decodingschemes. In such

cases,Shannon’sseparationtheoremis lessapplicable,and
gainscanbeachieved by usingjoint source-channelcod-
ing. One powerful methodis to utilize the residualre-
dundancy in thesource[4] [5] [6] [7] [8], by designinga
source-controlledchanneldecoder. For adiscretechannel,
weemployed[9] thehiddenMarkov model(HMM) view-
pointof Miller andPark [5] to developaMAP decoderfor
theMPEG-4codec[10].

Kroll and Phamdo[6] [7] studiedthe transmissionof
data from a binary Markov sourceover the continuous
AWGN channel. After first using Ungerboeckcodes,
they designedtrellis codes especially for this source
and MAP decoding. Al-Semari et al. [8] examinedse-
quenceMAP decodingfor GaussianandRayleighchan-
nels.Recently[11], we usedquaternarycontinuousphase
frequency-shift keying (CPFSK)TCM in conjunctionwith
ring convolutional codesfor MPEG-4imagetransmission
over theAWGN andRayleighchannels.Sincethe image
coderoutputsquaternarysymbols,thesource,thechannel
encoder, andthe continuousphaseencoderareall in the
samealgebraicframework. The trellis codeswerebased
on thosedesignedby YangandTaylor [12], althoughthey
wereconvertedfrom recursive systematicform to polyno-
mial form to allow MAP decoding.

Here,we designring convolutional codesexplicitly for
theCPFSKTCM systemwith MAP decoding.For agiven
constraintlength,we find the codesthat provide the best
performancefor symbolerrorratesin therangeof �
����� to�
� ��� . SincethehighSNRassumptionis no longervalid, a
methodologyis proposedthatyieldsoptimalcodes.In the
process,the sourcetransitionmatrix is incorporatedinto
thebranchmetricsusedin thetrellis search.

B. MPEG-4 Image Transmission

The error resilient transmissionof MPEG-4 still im-
ageryis the ultimategoal of this work. A block diagram
of the entire system,including the modulationand ring
convolutionalchannelcoding,is givenin Figure1 of [11].
Hereweprovideaverybriefdescriptionof theimagecom-
pressionand decompressionalgorithms. Furtherdiscus-



sion,includingthedesignof thepacketizationscheme,can
alsobefoundin [9].

TheMPEG-4embeddedzerotreewavelet (EZW) algo-
rithm [10] first performsa discretewavelet transforma-
tion of the image. The lowest frequency subband(LFS)
is scalarquantizedandthenDPCM predicted.Thehigher
frequency subbands(HFS) arealsoscalarquantizedand
thenzerotreescanned.Thereare two modesof process-
ing of the HFS: 1.) single quantizationand 2.) multi-
quantization[13, pp. 130-133].Herewe concentrateonly
on the multiquantizationmode,which employs bit plane
encodingandmultiple zerotreescans.Thebits generated
by compressingthe lowestfrequency subbandareplaced
into a fixed-lengthpacket, while the bits from the higher
frequency subbandsareplacedinto a numberof variable-
lengthpackets. Overheadinformationis includedso that
eachpacket can be independentlyprocessed.The pack-
etizedbit streamis convertedto quaternarysymbolsand
input to the channelencoderandmodulator. The convo-
lutional encoderis resetfor eachpacket. Note that only
thezerotreesymbolsin eachHFSpacket canbeMAP de-
coded;the remainingdataandoverheadmustbe ML de-
coded.

I I . TRELLIS CODED CPFSK

A. Ring Convolutional Codes

Rimoldi [3] showed that one can decomposeCPFSK
with modulationindex ��� �� into thecontinuousphase
encoderand a memorylessmodulator(MM), where the
CPE is in the form of a convolutional encoderover the
ring of integersmodulo-M, � � . Thus,anexternalconvo-
lutional encoder(CE) over � � is a naturalway to com-
binechannelcodingandtheCPE,withoutusingamapper.
YangandTaylor [12] proposeda TCM systembasedon
the combinationof an external recursive systematicring
convolution encoderandtheCPE.Their resultsshow that
thiscodingschemeprovidesbetterperformancethanother
comparablesystems.Rimoldi andLi [14] alsoexamined
thiscombination,includingthedesignof systematiccodes
for partialresponsecontinuousphasemodulation.

In thispaper, polynomial(nonsystematic)ring convolu-
tional codesover � � areappliedfor two reasons.Firstly,
we observe that thebestnoncatastrophicpolynomialring
CEsprovide larger ������	�
� thanthebestsystematicring con-
volutional codesfound in [12]. Secondly, the trellis dia-
gramof theoverall encoder(CE+CPE)allows oneto eas-
ily incorporatethesourcetransitionmatrix (STM) into the
branchmetrics,in orderto performMAP decoding[15] at
thereceiver. Thedetailsof thisprocedurearegivenin [11].
Sincethe polynomialCE over � � canbe catastrophic,a

test is requiredto determineif the resultingpolynomial
encoderover thering is noncatastrophic.This taskcanbe
achievedby usingthefollowing theorem.

Theorem: “A polynomialencoder� �"!$# over the ring� � , where%&��'�( and' isaprime,is catastrophicif and
only if, whenthecoefficientsof thepolynomialsin � �"!)#
areeachreducedmodulop, the resultingpolynomialen-
coderoverthefinite field �+*,�-'.# is catastrophic.” [16]. For
instance,a polynomialencoder� �"!$#/�10 !1243657!124398
overthering �;: is catastrophic,sinceall coefficientsof the
elementsof � �"!$# , reducedmodulo2, result in the poly-
nomialencoder0 !<2�3=!<2>398 over thefinite field �+*,�@?A#CB
From[17], it is easyto seethattheencoder0 !42D3=!42D398
is catastrophic;therefore,sois � �"!$# .
B. Code Search Results

In aGaussianchannel,theminimumsquaredEuclidean
distance(SED),alsoknown as � � ���	�E� , playsan important
role in codedesign,andit canbe computedby usingthe
Viterbi algorithm[15]. Theobservation interval lengthis
chosento belargeenoughto ensurethat ������	�
� is foundfor
eachcode.It is definedby

� � ���	�
� �GFIHKJL�MN LPO � � �@QSRTQVUW#CB (1)

Without loss of generality, the distanceis computedbe-
tweentheall zerosequence,u, andthesetof all otherse-
quences.The metric � � �@QSRTQ U # is the squaredEuclidean
distancebetweentwo sequences,andit canbe simplified
to

� � �@QSRTQ U #X�
YZ
[ N]\ � �[ �@QXRTQ U #CR (2)

where� �[ �@QSRTQ U # is theincrementalsquaredEuclideandis-
tance(ISED)and̂ is thenumberof observationintervals.
TheISEDcanbecalculatedby usingtheinputof theMM.
Thedetailsof thisderivationcanbefoundin [12].

For a given constraintlength, the codeshaving maxi-
mum ������	�
� provide the bestperformanceat low symbol
error rates.This fact is basedon a unionboundanalysis.
When the SNR is large, the boundis dominatedby one
term consistingof �_����	�E� . Even thoughthe ultimategoal
is to find thebestcodefor a particularSTM at high sym-
bol error rates,for comparisonpurposes,the codesearch
is first doneat a low symbolerrorrate;this is thestandard
ML criterion. Table I shows the bestrate �� polynomial
ring convolutional encodersandtheir maximum �_����	�E� for
thegiventotalnumberof statesof theoverall encoders.

Note that thesenonsystematicring convolutional en-
codersgive larger �_����	�E� than the systematicring convo-
lutional encodersfound in [12]. In orderto determinethe



`ba c d�ef�g	h
h d�ef�g	h
h
(YT) (ML)

4 [3 i +3, 3] 3.15 3.58
8 [2 i e +3i +3, 3] 4.09 4.36
16 [3 i e + i +2, 2i +3] 5.15 5.79
32 [2 ikj + i e + i +3, i +2] 6.00 6.03
64 [ i j + i e +2i +1, i e +2i +2] 6.42 7.45
128 [ ilj + i e +3, 2ikj + i e +2i +2] 7.60* 8.00

TABLE I
THE BEST RATE mn NONSYSTEMATIC RING CONVOLUTIONAL

ENCODERS OVER o]p FOR 4-ARY CPFSK WITH qsr mp . tvu
DENOTES THE TOTAL NUMBER OF STATES IN THE OVERALL

ENCODER. YT IS THE BEST SYSTEMATIC CODE FROM [12] ,
WHILE ML IS OUR BEST CODE DESIGNED FOR MAXIMUM

LIKELIHOOD DECODING. * INDICATES THE SEARCH WAS

INCOMPLETE.

bestcodesfor MAP decoding,thesquaredEuclideandis-
tancein Eq. (2) is modifiedin sucha way that it includes
thesourcetransitionmatrix

d ewyx{z}|@~X�T~��W��� ���7�]� |
d e�]|@~S�T~��K���,� �]�K� � |�� �]� � �_�.� �� |�� �� � � ��_�.� � �C� (3)

wherethesequence~��1|�� � �	� � �
�
�
���	� � � . Whenthecon-
ditional probability � |�� �.� � ���.� � � � |�� �� � � ����.�9� , Eq. (3)
reducesto Eq.(2). To determinetheminimumof

d_ew/x{z for
eachcode,we againusethe Viterbi algorithm. Note that
thenoisepower, � � , in Eq.(3) mustbespecified.Thisfact
implies that the optimizedcodeis the bestcodeat a par-
ticularSNR.In thiswork, we usethisnew distanceto find
the bestcodesoptimizedfor the sourcetransitionmatrix
from the“Lena” image,which is shown below.

0.2391 0.1674 0.4090 0.1845
0.2510 0.1241 0.4157 0.2092
0.1262 0.0908 0.5407 0.2423
0.1506 0.1136 0.5470 0.1888

TableII givesthebestcodesdesignedfor MAP decod-
ing at a symbolerror rate(SER)of approximately�
� � j .
This performancecorrespondsto an ���C� ��� � of 4.5 dB
for 4 and8 statesand3.5 dB for 16 and32 states.With
4, 8, and16 states,the bestcodesarethe samefor MAP
andML decoding.For 32 states,adifferentcodeis found;
comparingthiscodeto thebestML codeshown in TableI
andusingMAP decodingfor both, a slight improvement
of about0.1 dB is obtainedat low SNR. Note that

d e f�g	h
h
of this new codeis lessthanthatof theML code,andso�

Energy persymbolto noisepower spectraldensity.

`ba c d�ef�g	h
h d_ef�g	hEh
(YTE) (MAP)

4 [3 i +3, 3] 3.15 3.58
8 [2 i e +3i +3, 3] 4.09 4.36
16 [3 i e + i +2, 2i +3] 5.15 5.79
32 [ i e +3i +1, 2i e +3i +2] 5.32 5.67

TABLE II
THE BEST RATE mn NONSYSTEMATIC RING CONVOLUTIONAL

ENCODERS OVER o p FOR 4-ARY CPFSK WITH q r¡mp . YTE
IS YANG AND TAYLOR’ S EQUIVALENT CODE, WHILE MAP

IS OUR BEST CODE DESIGNED FOR MAP DECODING.

at high SNR,theperformanceis slightly (negligibly) less.
Comparingthis MAP-designedcodeto YangandTaylor’s
equivalentcode

e
, oneseesagainof about0.2to 0.3dB at

symbolerrorratesrangingfrom �
� � e to �
� � j , againboth
usingMAP decoding.

I I I . SYMBOL ERROR RATE RESULTS

The source transition matrix of the “Lena” image,
shown in theprevioussection,is usedhere.Figure1 (top)
shows thesymbolerrorratevs. � � � � � for 4-CPFSKwith
two different ring convolutional encodersusing ML and
MAP decoding. For comparisonpurposes,MSK with-
out any channelcodingis alsoincluded. Thesixteenand
thirty-two statecodesprovideaperformanceimprovement
of about0.3 to 0.5dB for MAP decodingat symbolerror
ratesin the rangeof �
� � e to �
� � j . For thecasesof four
andeight states(not shown), the simulationresultsshow
a performanceimprovementof approximately0.25to 0.4
dB at this samerangeof interest.The resultsin Figure1
(bottom)illustratetheperformanceof both the MAP and
ML decodersover a Rayleighflat fadingchannel.Similar
improvementfrom MAP decodingis seen.

IV. IMAGE TRANSMISSION RESULTS

As previously mentioned,the improvementof the im-
agequality after reconstructionis our ultimate goal. In
this section,PSNRsimulationresultsareobtained.After
transmissionover thechannel,the received zerotreesym-
bols in theHFSpacketswith a nominallengthof 500bits
aredecodedusingMAP decodingj , implementedby the
Viterbi algorithm.ThereceivedLFSpacketandtherestof
eachHFSpacketareML decoded.Presently, it is assumed¢

The equivalent code is found by converting the given systematic
codeto polynomial form. This changeis necessaryfor incorporating
thesourcetransitionmatrix.£

In sectionIV-B, we compareagainstML decoding.In this case,all
of thepacketsaredecodedusingtheML criterion.
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Fig. 1. (top) Symbolerrorratevs. ¤S¥§¦	¨�© for AWGN channel.
(bottom)Symbolerrorratevs. ª«­¬S®°¯{±v²²´³vµ¶]· for thefading
channel.¤S¥T¦§¨¸© is theenergyperchannelsymbol,while the
SERis for theinformationsymbols.Lenasourcetransition
matrix. ¹ is thenumberof statesin thetrellis.

that the receiver knows the numberof zerotreesin each
packet. The 32 statecodeis usedfor both the proposed
MAP systemandthebaselineML system.

The PSNRresultsshown in TablesIII and IV are for
decodingstrategy 1. In this strategy, the MPEG-4 de-
coderdecodesHFS packets if they passan outer cyclic
redundancy check. Note that this checkrequiresonly 4
bits/packet so it is fairly weak. Consequently, undetected
errorscanbenoticeableathighsymbolerrorrates.

A. Code Choice for MAP Decoding

In this section, the performancecomparisonbetween
ourbestcodeandtheYTE codeis obtained.TableIII gives
theperformanceimprovementin termsof PSNRof thede-
codedimage.In therangeof symbolerrorratesfrom º
»�¼�½
to º
» ¼�¾ ( ¿�ÀCÁ9Â�Ã 2-3 dB), the improvementis from 1.6 to
1.8dB. Onereasonfor thisdifferenceis thatby constrain-

Ä}ÅÆ.Ç PSNR(dB) PSNR(dB) È PSNR
(dB) MAP (YTE) MAP (BC) (dB)
1.0 8.26 8.49 0.23
2.0 11.83 13.42 1.59
3.0 18.56 20.35 1.79
3.5 22.14 23.18 1.04
4.0 24.50 25.10 0.60
4.5 26.68 26.73 0.05
5.0 27.82 27.82 0.00

TABLE III
THE COMPARISON OF RECONSTRUCTED IMAGE AVERAGE

PSNR BETWEEN OUR BEST CODE (BC) AND YANG AND

TAYLOR’ S EQUIVALENT CODE (YTE) USING MAP
DECODING. 200 IMAGE TRIALS PER DATA POINT.

STRATEGY ONE IS USED, AND IT DECODES ALL HFS
PACKETS THAT PASS A PARITY CHECK . AWGN CHANNEL .

ing thecodesearchto systematiccodes,thebestnoncatas-
trophicring convolutionalcodesarenotnecessarilyfound.
This result is consistentwith TableI in [1], which is for
rateone-halfbinarycodes.Also, converting from system-
atic form to polynomialform candecreaseÉ_½Ê�Ë	ÌEÌ , asseen
by comparingTablesI andII.

B. MAP vs. ML Decoding

Now, we determinethegainspossibleby usingtheop-
timal codeswith MAP decodinginsteadof ML decod-
ing. TableIV shows that for boththeAWGN andRaleigh
channels,theuseof MAP decodingandring convolutional
codesimprovesthe imagePSNR.For theGaussianchan-
nel, an improvementof almost0.5 to 0.6 dB canbe evi-
dentlyseenatSNRsfrom about3 to 3.5dB.For thefading
channel,thisgainis mostevidentat ÍÎÐÏ valuesin the5 to 9
dB range,correspondingto symbolerrorratesin the º
» ¼�½
to º
»�¼�Ñ region. Theimprovementrangesfrom about0.1to
0.4 dB. Figure2 shows the reconstructedimageobtained
usingMAP decodingaftertransmissionover theRayleigh
channel.ThePSNRis 28.93dB for MAP decoding,while
thePSNRfor ML decodingis 25.63dB. This experiment
indicatesthat while the averageimprovementover many
trials is only 0.178dB, as shown in Table IV, thereare
individual transmissionswith muchhighergains.

V. CONCLUSIONS

In this paper, we designedpolynomial ring convolu-
tional codesexplicitly for MAP decodingof MPEG-4im-
agery. Two typesof comparisonsweremade.Firstly, the
performanceof thesecodeswerecomparedto thatof poly-
nomial codesobtainedby converting the bestsystematic
ring convolutional codesof [12]. In theseexperiments,
MAP decodingwasusedfor both, andgainsin PSNRof



Ò}ÓÔ.Õ PSNR(dB) PSNR(dB) Ö PSNR
(dB) ML MAP (dB)
1.0 8.487 8.490 0.003
2.0 13.264 13.418 0.154
3.0 19.766 20.353 0.587
3.5 22.700 23.183 0.483
4.0 24.812 25.103 0.291
4.5 26.295 26.731 0.436
5.0 27.626 27.822 0.196
5.5 28.595 28.595 0.000×Ø�Ù PSNR(dB) PSNR(dB) Ö PSNR

(dB) ML MAP (dB)
1.25 6.553 6.553 0.000
2.50 7.460 7.461 0.001
3.75 9.476 9.489 0.013
5.00 13.313 13.462 0.149
6.25 18.627 19.026 0.399
7.50 23.245 23.615 0.370
8.75 26.120 26.298 0.178
10.00 27.610 27.639 0.029
11.25 28.394 28.396 0.002

TABLE IV
RECONSTRUCTED IMAGE AVERAGE PSNR USING ML AND

MAP DECODING. THE TOP IS THE AWGN CHANNEL AND

THE BOTTOM IS THE FLAT FADING CHANNEL . 200 IMAGE

TRIALS PER DATA POINT. DECODING STRATEGY ONE.

up to 1.79dB werefoundfor anAWGN channel.It must
benotedthat thesystematiccodesweredesignedfor ML
decoding,and that the conversionto polynomial form is
partly responsiblefor their reducedperformance.

Secondly, the MAP-designedcodeswerecomparedto
the best polynomial codesdesignedfor maximum like-
lihood decoding. The former were MAP decodedwhile
thelaterwhereML decoded.ThePSNRgainsweremore
modest.Still, theaverageimprovementcanbe 0.4 to 0.6
dB for bothAWGN andRaleighchannels,with individual
imagetrialsyieldingsubstantiallybetterresults.Addition-
ally, for 4, 8, and16 states,the samecodeis found to be
optimalwhetherthemetricof Eq.(2) or Eq. (3) is used.
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